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ABSTRACT
The kinetic Sunyaev-Zel’dovich (kSZ) effect results from Thomson scattering by coherent flows in the reion-
ized intergalactic medium. We present new results based on ray-tracing a 10 Gpc scale simulation at 2-3 Mpc
scale resolution to create a full sky kSZ map. The simulation includes, self-consistently, the effects of reion-
ization on scales corresponding to multipoles 10 . ` . 5000. We separate the kSZ map into Doppler (v),
Ostriker-Vishniac (δv), patchy (xv), and third-order (xδv) components, and compute explicitly all the auto and
cross correlations (e.g., 〈vv〉, 〈δvxv〉, etc.) that contribute to the total power. We find a complex and non-
monotonic dependence on the duration of reionization at ` ∼ 300 and evidence for a non-negligible (10-30
per cent) contribution from connected four point ionization-velocity correlations, 〈xvxv〉c, that are usually ne-
glected in analytical models. We also investigate the Doppler-large scale structure (LSS) correlation, focusing
on two different probes: (1) cross power spectra with linearly biased tracers of LSS and (2) cold spots from
infall onto large, rare H II regions centered on peaks in the matter distribution at redshifts z > 10 that are a
generic non-Gaussian feature induced by patchy reionization. Finally, we use our simulations to show that
the reionization history can be reconstructed at 5-10σ significance by correlating full-sky 21-cm maps stacked
in bins with ∆v=10 MHz with existing CMB temperature maps at `<500.This raises the prospects of using
more sophisticated velocity reconstruction methods to probe the distribution of electrons in the IGM by using
combined CMB and LSS measurements well into the epoch of reionization. The resulting kSZ maps have been
made publicly available at http://www.cita.utoronto.ca/˜malvarez/research/ksz-data/.
Subject headings: Cosmic Microwave Background — Cosmology: Theory — Large-Scale Structure of Uni-
verse — Methods: Numerical
1. INTRODUCTION
Secondary anisotropies of the cosmic microwave back-
ground (CMB) are an excellent probe of reionization, mainly
because scattering of photons by free electrons during reion-
ization affects the observed temperature and polarization in
a predictable fashion that is sensitive to the spatial structure
of reionization and its correlation with the underlying poten-
tial fluctuations. For reviews of the main effects on secondary
anisotropies associated with reionization, in the larger context
of the effects associated with large scale matter fluctuations,
dark matter and gas in halos and filaments, and the relation
between cosmic expansion and growth of structure, see Hu &
Dodelson (2002) and Aghanim et al. (2008).
Of particular focus in the present work is the kinetic
Sunyaev-Zel’dovich (kSZ) effect, which refers to blackbody
temperature fluctuations induced by the Doppler shift of CMB
photons scattering off of electrons in coherent bulk flows. Al-
though it has long been recognized as one of the most promis-
ing probes of the IGM during and after reionization, (e.g.,
Sunyaev 1978; Kaiser 1984; Ostriker & Vishniac 1986) it has
begun to be used only recently to provide constraints on reion-
ization through the analysis of the angular power spectrum of
the CMB temperature at `≈3000 (Reichardt et al. 2012; Zahn
et al. 2012; George et al. 2015). Significant gains in the ac-
curacy of kSZ power spectrum measurements are expected
from new CMB experiments coming online in the near term
(e.g., Calabrese et al. 2014). A main goal of this work is to
refine theoretical predictions for the kSZ effect from patchy
reionization and extend existing results to larger scales. Be-
fore doing so, we give below a brief historical overview of the
development of the field.
Purely blackbody temperature fluctuations arising from the
Doppler shift of CMB photons scattered by coherent motions
were first discussed by Chibisov & Ozernoy (1969), in the
context of ‘whirl’ turbulent velocity perturbations on cosmo-
logical scales. Sunyaev & Zeldovich (1970a) also discussed
the Doppler effect, but only for velocity fluctuations at re-
combination; their discussion of anisotropies generated dur-
ing or after reionization was limited to Comptonization as
opposed to coherent Doppler shifting. The effect from co-
herent motions of galaxy clusters was first discussed by Sun-
yaev & Zeldovich (1972), and has come to be known as the
kinetic Sunyaev-Zel’dovich effect. Sunyaev & Zel’dovich ar-
gued that the temperature fluctuation in the Rayleigh Jeans
part of the spectrum in the direction of galaxy clusters should
be dominated by Comptonization, rather than bulk motion of
the cluster itself – tSZ should dominate over kSZ for individ-
ual galaxy clusters, resulting generically in a decrement at low
frequencies.
The first appearance in the literature of the secondary tem-
perature anisotropies arising from linear velocity perturba-
tions due to the growth of structure in a diffuse reionized inter-
galactic medium was in Sunyaev 1977, where it was estimated
that secondary temperature anisotropies from the Doppler ef-
fect could conceivably exceed those generated at recombina-
tion, provided that τ ∼ 1 and density perturbations on scales
corresponding to galaxy clusters were of order unity at reion-
ization. Obviously this is not the case, and the strong sensitiv-
ity to the amplitude of perturbations, density of the universe,
and timing of reionization was pointed out by Sunyaev (1978),
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where the now well-known line-of-sight Doppler cancellation
at small scales was first sketched out. Later calculations, in
particular by Kaiser (1984), Ostriker & Vishniac (1986), and
Vishniac (1987), improved greatly on the accuracy of Sun-
yaev’s initial estimates.
In a somewhat arbitrary adoption of nomenclature, the
Doppler effect has come to describe large-scale anisotropies
from purely linear velocity perturbations, while the kSZ effect
has come to correspond to all secondary anisotropies that de-
pend on electron density fluctuations, including those due to
linear and nonlinear gas density fluctuations, individual clus-
ters and groups of galaxies, and the patchiness of reioniza-
tion. In this paper, the traditional usage of “Doppler” will be
retained, but “kSZ” will be used to refer to any blackbody
temperature fluctuation arising from bulk motion integrated
along the line of sight, including the Doppler effect. It is in
this sense that we refer to the Doppler effect as responsible
for large-angle kSZ anisotropies in the rest of the paper.
The power spectrum of kSZ fluctuations is a sensitive probe
of the patchiness and duration of reionization at small to in-
termediate angular scales, `∼> 300, due to the transfer of large
scale velocity perturbations to small scales by fluctuations in
the ionized fraction on scales 1 ∼<R/Mpc∼< 100 (e.g., Gruzi-
nov & Hu 1998; Jaffe & Kamionkowski 1998; Knox et al.
1998; Gnedin & Jaffe 2001). Development in the subject
has been mostly theoretical, with numerical simulations play-
ing an increasingly important role in refining the likely shape
and amplitude of the angular power spectrum (Valageas et al.
2001; Zhang et al. 2004; McQuinn et al. 2005; Iliev et al.
2007; Jelic´ et al. 2010; Tashiro et al. 2011; Visbal & Loeb
2012; Mesinger et al. 2012; Park et al. 2013; Battaglia et al.
2013).
Preliminary analysis by the SPT collaboration (Reichardt
et al. 2012) determined a 2-σ upper–limit on D3000, where
D` ≡ `2C`/(2pi), of 2.8 µK2 in the case where the thermal
SZ–CIB correlation is assumed to be zero, and 6.7 µK2 when
a tSZ–CIB correlation is allowed. After additional observa-
tion and analysis, the SPT constraint was considerably tight-
ened. When the bispectrum of the tSZ is used as an additional
constraint, SPT data imply D3000 = 2.9± 1.3 µK2 (George
et al. 2015). Several authors have discussed the implications
of the `≈3000 kSZ measurements for models of patchy reion-
ization, generally interpreting upper limits on D3000 as up-
per limits on the duration of reionization (Zahn et al. 2012;
Mesinger et al. 2012; Battaglia et al. 2013), although it has
been pointed out that this is only generally true for reioniza-
tion scenarios in which the bulk of ionization is from UV pho-
tons produced by a quickly–growing population of galaxies in
dark matter halos with masses ∼> 108−9M (Park et al. 2013).
The kSZ anisotropies on larger scales are much more chal-
lenging to detect, due to line of sight cancelation and the
dominance of the primary temperature fluctuations (Sunyaev
1978; Kaiser 1984; Vishniac 1987; Hu et al. 1994), and are
thus usually considered entirely negligible (Dodelson & Jubas
1995; Knox et al. 1998; Valageas et al. 2001; Hu & Dodelson
2002; Ma & Fry 2002). Nevertheless, the kSZ component
could be isolated by reconstructing the velocity field on fairly
large scales, by using the fact that density and velocity are
correlated. Tidal reconstruction in general is a method that is
promising due to its quadratic dependence on the underlying
field to be estimated, making it less susceptible to systematic
effects such as foreground contamination than linear cross-
correlations (e.g., Pen et al. 2012) . The cross-correlation is
still important quantity to characterize, however, due to its
straightforward interpretation. The most likely tracer of large
scale structure in the EOR to be correlated with CMB is the
21–cm background, as first discussed by Cooray (2004), fol-
lowed by initial attempts at correlating simulated maps by Sal-
vaterra et al. (2005).
On large scales (` ∼ 100), where the patchiness of reion-
ization averages out, Alvarez et al. (2006) found a substantial
CMB–21cm cross-correlation due to the Doppler effect, sen-
sitive to the H II region bias and reionization history, and first
demonstrated that linear matter and kSZ temperature fluctua-
tions induced by peculiar velocity effects are anti-correlated,
such that density enhancements during reionization result in
cold spots in CMB secondary anisotropies. They found that
such a correlation would be detectable with a futuristic ex-
periment like SKA. Giannantonio & Crittenden (2007) calcu-
lated the Doppler–matter cross-correlation in a more general
context, confirming the earlier results of (Alvarez et al. 2006)
on the sign and shape of the correlation. Adshead & Furlan-
etto (2008) Tashiro et al. (2010) made similar predictions but
were pessimistic about its dectecability, due to cosmic vari-
ance. However, these studies used simplified analytical ex-
pressions for the ionization – density correlation to estimate
the CMB–21cm power spectrum at a given frequency, with-
out stacking frequency maps to increase the strength of the
correlation.
More accurate theoretical predictions for the kSZ fluctua-
tions on intermediate to large angular scales require realistic
realizations in large volumes, in order to capture large scale
fluctuations in both the ionization field and velocity, which
are generally correlated. Jelic´ et al. (2010) carried out simpli-
fied radiative transfer simulations in boxes of size 100/h Mpc
on a side, corresponding roughly to an angular scale of about
a degree. They found that on intermediate scales of `∼103
the correlation will be swamped by the primary CMB fluc-
tuations, while at smaller scales the signal is too small to be
detected. They were unable to probe to larger scales, where
the cross-correlation is expected to be significantly enhanced,
because of the limited simulation volume. The need for more
realistic calculations of the kSZ effect and its correlation with
the redshifted 21–cm background during reionization served
as one of the original motivations for the present work.
As an aside, it is worth mentioning spectral distortions aris-
ing from Comptonization of CMB photons in the context of
reionization. Spectral distortions from hot ionized gas are re-
ferred to historically as the thermal Sunyaev-Zel’dovich ef-
fect (tSZ; Zeldovich & Sunyaev 1969; Sunyaev & Zeldovich
1970b) and are most readily detected in the direction of galaxy
clusters (Sunyaev & Zeldovich 1972). However, the energy
release associated with feedback from early structure forma-
tion was in fact the initial motivation for suggesting that de-
viations from the Planck spectrum in the CMB could result
from Compton scattering off of hot electrons at z < 1000
(Weymann 1966). Bulk motions along the line of sight, as
discussed by Zel’dovich et al. (1972), produce a nearly iden-
tical y–type distortion to that produced by Comptonization.
The crucial difference being that, in the latter case, the effect
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depends on the optical depth weighted line-of-sight velocity
dispersion rather than electron temperature (Hu et al. 1994;
Chluba & Sunyaev 2004). While such y–type spectral distor-
tions could in principle be detected with advanced CMB ex-
periments (e.g., Hill et al. 2015), the present work is limited
to blackbody temperature fluctuations produced by coherent
motions.
The outline of this paper is as follows. In §2 we give a
brief review of the basics of the kSZ effect, followed by sim-
plified expressions for the large-scale (` ∼<200) CMB temper-
ature fluctuations expected in currently–favored reionization
scenarios, ending with some new estimates of the signature
of individual H II regions in the CMB. In §3 we describe our
method of creating kSZ and 21–cm maps from large–scale
simulations of patchy reionization, compare to the low–` ana-
lytical power spectrum derived in §2, and perform a novel de-
composition of the patchy component into its four constituent
terms at both the map and power spectrum level. A discus-
sion of the detectability of the large-angle kSZ–21cm cross-
correlation, using the simulated maps, is given in §4. The
main results are summarized in §5.
Velocities are expressed in units of the speed of light, c= 1,
and the explicit relationship between redshift and comoving
distance is suppressed, so that z(χ)→ z and χ(z)→ χ . The
approximation e−τ ≈ 1 has been made throughout. Cosmo-
logical parameters are based on two flat, ΛCDM cosmologi-
cal parameter sets, consistent with results from Hinshaw et al.
(2013, “WMAP 2013”) and Planck Collaboration et al (2015,
“Planck 2015”).1
2. LARGE SCALE KSZ FROM REIONIZATION
In this section, the expressions that determine the kSZ fluc-
tuation along a given line of sight, as well as it’s power spec-
trum, are presented first for an arbitrary electron momen-
tum field separated into curl and divergence–free components.
Analytical expressions are obtained using linear theory, and it
is shown how the fluctuations created while the ionized frac-
tion is evolving rapidly, as expected during reionization, is
qualitatively different from that generated at later times, when
the universe is nearly fully–ionized. Finally, an estimate of
the size and amplitude of temperature fluctuations created by
rare, isolated H II regions along the line of sight is given.
2.1. Basic Expressions
The optical depth to Thomson scattering along a direction
γˆ in the sky is given by
τ(γˆ ) =
∫
dχg(z)[1+δe(χγˆ )], (1)
where δe is the electron density contrast, δe = δ + δx+ δxδ ,
δ is the gas density contrast, and the ionization contrast is
defined to be δx = xe/x− 1, where xe=ne/ne,0 is the ionized
fraction and x(z) is the mean, volume averaged, ionized frac-
tion, and ne,0 = [1− (4−NHe)Y/4]Ωbρcrib/mp, with a helium
mass fraction of Y = 0.24. The number of helium ionizations
per hydrogen ionization is set to NHe = 1 and 2 at for z> 3 and
z< 3, respectively, so that helium is singly ionized along with
1 WMAP 2013: (Ωm,Ωb,h,ns,σ8) = (0.286, 0.0463, 0.69, 0.96, 0.82)
Planck 2015: (Ωm,Ωb,h,ns,σ8) = (0.31, 0.0486, 0.68, 0.967, 0.816)
hydrogen and Helium II reionization occurs instantaneously
at z= 3. The visibility function is defined to be
g(z) =
∂ 〈τ〉
∂χ
= σTne,0x(z)(1+ z)2 ≡ g0(z)x(z), (2)
where 〈τ〉 is the mean optical depth over the sky.
The kSZ temperature fluctuation in a direction γˆ is
∆T (γˆ )
Tcmb
=
∫
dτ v(χγˆ ) · γˆ =
∫
dχ g(z) q(χγˆ ) · γˆ , (3)
where the specific momentum q = (1+δe)v =
(1+δ )(1+δx)v. This momentum can be separated
into transverse and longitudinal components, according to
whether its Fourier transform is perpendicular or parallel to
wavenumber, respectively, q⊥ = q−(q · kˆ)kˆ and q‖ = (q · kˆ)kˆ.
The expression for the angular power spectrum is 2
C`=C
‖
` +C
⊥
` =
∫
dχ
∫
dχ ′
[
F⊥` (χ,χ
′)+2F‖` (χ,χ
′)
]
, (4)
where
F i` (χ,χ
′)=
1
pi
∫
dk Pfi(k,χ,χ
′) j`(kχ) j`(kχ ′), (5)
(2pi)3Pf (k,χ,χ ′)δ (k− k ′) =
〈
f (k,χ) f ∗(k ′,χ ′)
〉
, and
f⊥(k,χ)≡g(χ)q⊥(k,χ) (6)
f‖(k,χ)≡ ∂
[
g(χ)q‖(k,χ)
]
/∂χ. (7)
Note that C‖` is an integral over the power spectrum of the
derivative of g(z)q‖ with respect to comoving distance. It
falls off strongly towards small scales (Dodelson & Jubas
1995; Knox et al. 1998; Valageas et al. 2001; Hu & Dodelson
2002; Ma & Fry 2002) because the visibility function changes
slowly along the line of sight, in comparison to the wave-
length of the velocity perturbation, leading to nearly complete
cancellation (Sunyaev 1978; Kaiser 1984; Vishniac 1987; Hu
et al. 1994).
2.2. Angular Power Spectrum of Doppler Effect
Approximating the velocity using linear perturbation the-
ory, v(k) = −iaHfδ (k)k/k2, where f (z)≡ d lnD/d lna, and
only keeping the leading order term in q‖(k), so that f‖(k)→
∂ [g(z)v(k)]/∂χ , we obtain
F‖` ≈F‖(1)` ≡
1
pi
∂u
∂χ
∂u′
∂χ ′
∫ dk
k2
P(k)j`(kχ)j`(kχ ′)
=U(χ,χ ′)W`(χ,χ ′), (8)
where (2pi)3P(k) δD(k− k ′) = 〈δ (k)δ ∗(k ′)〉,
U(χ,χ ′)≡ ∂u
∂χ
∂u′
∂χ ′
(9)
W`(χ,χ ′)≡ 1pi
∫ dk
k2
P(k)j`(kχ)j`(kχ ′), (10)
2 This is a slightly different form from equations (2.9c) and (2.15b) in
Vishniac (1987), in which the boundary terms were retained. See the ap-
pendix for more details.
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Figure 1. Differential contribution to the angular power spectrum of the
Doppler effect (equation 11) at selected ` values, as labelled. The top-left
half of each panel shows the contribution to the total angular power spectrum,
assuming that the ionized fraction does not change, x= 1, while the bottom-
right shows the case for reionization, with a redshift dependence given by
equation (12), with ∆z= 0.5 and zr = 10.
and
u(z)≡g(z)D˙(z)/D(z)/(1+ z)≡ u0(z)x(z).
Shown in Figure 1 is the contribution per redshift interval
to the total signal,
∂ 2`2C`
2pi∂ z∂ z′
=
1
pi2
∂u
∂ z
∂u′
∂ z′
W`(z,z′). (11)
Two cases are shown: uniform ionization (i.e. no recombina-
tion, x= 1; upper–left in each panel), and an analytical reion-
ization history3given by
x(z) =
1
2
[
1+ tanh
(
y(zr)− y
∆y
)]
, (12)
where y(z) = (1+ z)3/2 and ∆y = 3/2(1+ zr)1/2∆z, and we
have set zr = 10 and ∆z= 0.5 (lower–right in each panel).
There is a stark difference between a reionizing universe, in
which the ionization fraction goes from ∼ 0 to ∼ 1 over a rel-
atively short interval of redshift, and one in which the ioniza-
tion fraction is constant, x= 1. The realistic scenario exhibits
a strongly peaked contribution produced at the ‘surface of re-
scattering’ at z∼ zr = 10 (lower right half of each panel). This
is due to incomplete cancelation of the line of sight velocity
modes, as the ionization fraction evolves significantly even
across the velocity perturbation itself (Alvarez et al. 2006).
The ‘no-reionization’ scenario, however, shows no such peak,
and the contribution is much more smoothly distributed with
redshift, and confined to relatively larger scales.
For the case of instantaneous reionization, in which the ion-
ized fraction goes from zero to one instantaneously at some
3 The same parametrization as used in CAMB (http://camb.info).
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Figure 2. Effect of reionization on the sign of density–Doppler correlations
for the same reionization history (shown in the top panel) as in Figure 1. The
dependence of ∂u/∂ z on redshift is shown in the bottom panel. To the left
of the vertical dotted line, ∂u/∂ z > 0 and overdense regions will appear as
positive kSZ temperature fluctuations, 〈δρ∆T〉 > 0. At higher redshift, the
sign of ∂u/∂ z changes, and regions falling toward an overdense region will
be nearer to the observer when the universe is more highly ionized, and the
net effect will be a redshift of the CMB photons, so that 〈δρ∆T〉 < 0. The
dashed line shows ∂u/∂ z for a constant reionization history, x= 1.
redshift z∗,
U =U0+δ (χ−χ∗)δ (χ ′−χ∗)u0u′0−2δ (χ−χ∗)u0
∂u′0
∂χ ′
,
where U0 ≡ (∂u0/∂χ)(∂u′0/∂χ ′). Combining equations (4),
(8) and (13), the power spectrum from linear longitudinal ve-
locity fluctuations induced by instantaneous reionization is
C‖` =C
D
` +C
R
` −2CRD` , where
CD` ≡
∫
dχ
∫
dχ ′U0(χ,χ ′)W`(χ,χ ′)
CRD` ≡u0(z∗)
∫
dχ
∂u0
∂χ
W`(χ,χ∗)
CR` ≡u20(z∗)W ∗` (13)
and
W ∗` =
2
pi
∫ dk
k2
P(k)j2` (kχ∗). (14)
The term CR` is corresponds to velocity fluctuations projected
onto the re-scattering surface at z∗, while CD` corresponds to
fluctuations produced from growing velocity fluctuations, i.e.
when x is constant and density peaks correspond to hot spots.
Shown in Figure 3 is the angular power spectrum for instanta-
neous reionization at z∗ = 10, for which τes ' 0.09. A broad
peak is evident at ` ∼ 20− 30, with the re-scattering surface
term, CR` , dominating over the other terms for ` ∼> 10.
Shown in Figure 4 are the angular power spectra obtained
for zr = 10 and ∆z= 0.1,1, and 2. All three reionization his-
tories lead to a broad peak at ` ∼ 20− 30, with amplitudes
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Figure 3. Angular power spectrum of Doppler effect for instantaneous reion-
ization occurring at z = 10. The dotted curve labeled CR` corresponds to the
contribution from velocity fluctuations projected onto the re-scattering sur-
face. Note that those fluctuations are larger and peak at smaller scales than
the integrated term,CD` . The factor 2C
RD
` accounts for the partial cancellation
of the re-scattering surface fluctuations by flows on the near side.
that depend strongly on the duration of reionization. There is
a small variation due to changes in the background cosmol-
ogy. The WMAP 2013 curves are slightly higher for ` ∼<200,
due at least in part to the slightly redder tilt, ns = 0.96 versus
ns = 0.967 in Planck 2015. The strength of the fluctuations
is also linearly dependent on Ωmh2 and σ28 , which reflect the
strength of the velocity at fixed perturbation amplitude, and
the amplitude of perturbations, respectively.
The latest results from the Planck Collaboration indi-
cate a value of τ = 0.066±0.013 at 1σ for the “Planck
TT+lowP+lensing+BAO” data combination, with a 2σ upper-
limit of τ = 0.092. When the Planck temperature and
polarization data are considered without lensing (“Planck
TT+lowP”) the constraint changes to τ = 0.078±0.019, im-
plying a 2σ upper-limit of τ = 0.116. The strong depen-
dence of the large–scale signal on optical depth is shown in
Figure 5, where the peak amplitude of the angular power
spectrum, `2pkC
pk
` /(2pi), is plotted versus τ for the two fidu-
cial cosmologies calculated. For currently favoured values of
τ ∼0.07−0.08, the peak values are ∼15−20µK2, while for
τ = 0.15 the peak amplitude is expected to lie in the range
60− 70µK2. Its dependence on τ is approximated with a
nearly quadratic function,
`2pkC
pk
`
2pi
' 30µK2
( τ
0.1
)1.9
, (15)
shown as the dashed line in Figure 5. This is quite close
to the simple scaling relationship given by Kaiser (1984),
C` ' 〈v2〉τ2, just slightly shallower. This is consistent with
〈v2〉 having a weak inverse dependence on τ , since higher τ
corresponds to somewhat higher redshifts, when the linear ve-
locity perturbations are smaller.
2.3. Doppler–LSS Cross-correlation
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Figure 4. Angular power spectrum of Doppler effect for different reioniza-
tion histories given by equation (12), with zr = 10 and ∆zreion = 0.1,1, and
2, as labelled. The inset shows the reionization history for each case. The
shorter the duration of reionization at fixed redshift, the larger the amplitude
of the power spectrum.
The kSZ-LSS cross–correlation can be understood qualita-
tively by examining the behavior of the quantity
∂u
∂ z
= x
∂u0
∂ z
+u0
∂x
∂ z
, (16)
since
∆T ∝
(
∂u
∂ z
)(
∂ z
∂ lnχ
)
δ (17)
for a linear density perturbation with amplitude δ and size χ .
Since in general ∂ z/∂ lnχ > 0, the sign of ∂u/∂ z determines
whether a linear density enhancement appears as a hot spot or
cold spot in the CMB. When ∂u/∂ z> 0, the far side of a den-
sity perturbation contributes more, and peaks in the density
field will appear as hot spots with ∆T > 0. This corresponds
to when ∂x/∂ z ∼> 0 as is the case during recombination or
after reionization. For sufficiently short ionization histories,
however, it is possible for the condition
u0
∂x
∂ z
<−x∂u0
∂ z
(18)
to be satisfied during reionization. In this case, ∂u/∂ z < 0,
and density enhancements will appear as cold spots, the im-
plications of which will be further discussed in §2.4.
Any arbitrary large–scale linearly biased tracer of the mat-
ter density can be written as
f (γˆ ) =
∫
dz
dχ
dz
w(z)
[
b(z)δ (χγˆ )− 1+ z
H(z)
∂v
∂χ
· γˆ
]
, (19)
where b(z) is the linear bias and w(z) is the redshift weight-
ing. The second factor accounts for the redshift–space distor-
tion in the linear regime (Kaiser 1987). The cross-correlation
between f (γˆ ) and ∆T (γˆ )/T is (see derivation of equation C.4
in the Appendix)
CfT` =
2
pi
∫
dχw(z)
∫
dχ ′
∂u′
∂χ ′
∫
dkP(k) (20)
×
[
b(z) j`(kχ)− fk2
∂ 2 jl(kχ)
∂χ2
]
j`(kχ ′). (21)
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Figure 5. Peak amplitude of Doppler effect power spectrum vs. τ for the two
fiducial cosmological parameter sets considered. The dotted line corresponds
to the fit given in equation (15).
2.4. Doppler Effect from a Single Perturbation
Consider a uniform density perturbation with amplitude δ∗
at some redshift z∗, located at a comoving distance χ∗ ≡ χ(z∗)
from the observer along the direction γˆ ∗, with comoving ra-
dius R∗. On scales much smaller than the horizon, we can
treat cosmological evolution to first order in conformal time
across the perturbation. The observer will see a temperature
fluctuation along the line of sight given by
∆T∗
Tcmb
=−
χ∗+R∗∫
χ∗−R∗
dχg0(z)x(z)v(χγˆ ∗) · γˆ ∗
≈−
R∗∫
−R∗
dR
(
g∗+Rg′∗
)
x(z)vγ(R), (22)
where vγ(R) = v([χ∗+R]γˆ ∗) · γˆ ∗, g∗ ≡ g0(z∗), and g′∗ ≡
dg0(z∗)/dχ .
To obtain the component of the peculiar velocity along the
line of sight, one can assume the perturbation has a small am-
plitude, δ  1. Using linear theory in a matter dominated
universe, ∇ · v = −δ˙/(1+ z) = −δ (D˙/D)/(1+ z), one ob-
tains
vγ(R) =− D˙(z)3D(z)(1+ z)δ∗R≈−
δ∗
3
(
D∗+RD ′∗
)
, (23)
where D(z) = D˙/D/(1+ z), and D ′ = dD/dχ . The assump-
tion that the perturbation itself is at rest with respect to the
CMB is likely to be a good approximation on large scales, and
certainly true on average. Thus, photons scattered into the line
of sight on the near side of the perturbation, with χ < χ∗, ex-
perience a redshift, v · γˆ > 0, and the temperature fluctuation
is given by
∆T∗
Tcmb
=
δ∗
3
R∗∫
−R∗
dR
(
g∗+Rg′∗
)(
D∗+RD ′∗
)
x(R)R. (24)
The largest possible kSZ effect arising from the perturba-
tion occurs if it is ionized at z∗ on a timescale much shorter
than its light-crossing time. Such a condition does not vio-
late causality, because reionization is a locally driven process
until percolation. In this case, the ionized fraction changes
from zero to one very nearly instantaneously and the ionized
fraction along the line of sight is x∼ 1 for R< 0 and x= 0 oth-
erwise, so that to leading order in R∗, equation (24) simplifies
to
∆T∗
Tcmb
≈ g∗D∗δ∗
3
0∫
R∗
RdR=−g∗D∗δ∗R
2∗
6
, (25)
and the associated temperature fluctuation is
∆T∗ ≈−10 µK
(
δ∗
10−2
)(
1+ z∗
16
)5/2( R∗
200 Mpc
)2
, (26)
where matter domination during reionization has been used.
Because rapidly expanding H II regions are expected to be in
highly-biased overdense regions, with δ > 0, cold spots are a
generic imprint from early, rare H II regions.
3. NUMERICAL APPROACH
In this section, it is first explained how full-sky kSZ and 21–
cm maps are obtained from a high dynamic range simulation
of reionization. Maps of the kSZ effect are calculated with
and without the linear density fluctuations and patchy ioniza-
tion fields included, in order to separate first from second or-
der contributions to the kSZ power spectrum and illustrate vi-
sually how large scale velocity anisotropies are partially trans-
ferred to smaller scales by density and ionization fluctuations.
Finally, auto and frequency dependent cross power spectra are
presented for the kSZ and 21–cm maps.
The full map making process, including random field gen-
eration, the patchy reionization calculation, and light-cone
projection, takes about one hour on 128 nodes (8 cores and
∼12 GB available RAM each) with a memory footprint of
five floats (density contrast, reionization redshift, and linear
velocity) for each of the 40963 resolution elements, or 1.25
TB.
The full-sky kSZ map generated according to the procedure
outlined below is shown in Figure 6. Such a map is only possi-
ble using a simulated volume on the order of ten Gpc across,
in order to avoid artefacts from repetition of structure along
the line of sight and across the sky and missing long wave-
length velocity modes. Fluctuations tens of µK in amplitude
are easily seen on scales of 5-10 degrees for the kSZ map,
corresponding to the “Doppler–peak” at `∼ 20−30.
3.1. Simulations of Patchy Reionization
The simulation is carried out in a periodic box 8 Gpc/h on
a side and with 40963 resolution elements. Once the back-
ground cosmology is fixed (WMAP13 is used, see the in-
troduction for parameter values), there are three additional
parameters that enter into the calculation: (1) Mmin – the
minimum halo mass capable of hosting ionizing sources, (2)
λabs – the mean free path to Lyman-limit absorption systems
and (3) ζion – the number of ionizing photons escaping ha-
los per atom (Alvarez & Abel 2012). The first two are fixed
at Mmin = 109M and λabs = 32 Mpc/h, and the efficiency
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Figure 6. A full sky map produced with the map making procedure described
in §3.2 for a patchy reionization simulation with 40963 resolution elements
in a periodic volume 8 Gpc/h across with τ = 0.09.
parameter ζion is varied so as to obtain a given value for the
Thomson scattering optical depth τ = 0.1, ζion ' 4000. See
Alvarez & Abel (2012) for details on the model and parameter
dependence of the reionization history and morphology.
3.2. Light cone projection
The first step in obtaining the simulated maps is to generate
a random realization of the three dimensional ionization and
density fields during reionization in a representative volume
on the ligthcone. Such a realization is obtained with the ex-
cursion set reionization algorithm of Alvarez & Abel (2012),
including a mean background level treatment of the opacity
due to self-shielded absorption systems and a linear model
for the density and, most crucially, velocity fluctuations.
The kSZ maps are obtained as follows. First, a random re-
alization of the linear density contrast extrapolated to z = 0,
δ0(r) with the observer located at the origin, r = 0, is gen-
erated. The excursion set algorithm is then applied to ob-
tain a reionization redshift field, δ0(r) → zr(r). The local
density contrast at a distance χ along a line of sight direc-
tion γˆ , δ (χγˆ) = δ0(χγˆ)D(z), and the velocity, v(χγˆ), are ob-
tained using Eulerian linear perturbation theory, and the elec-
tron fraction is obtained directly from the reionization redshift
field,
xe(χγˆ) =Θ[z(χγˆ )− zr(χγˆ )], (27)
where Θ is the Heavyside function. Finally, equation (3) is
integrated along the line of sight for each pixel center, using
the gas density, velocity, and ionized fraction as determined
above.
The mean differential brightness temperature at frequency
v in a direction γˆ corresponds to the deviation of the observed
intensity, Iv, from that expected for the CMB,
δT vb (γˆ )≡
c2Iv(γˆ )
2v2kB
−Tcmb ≡ T vb (γˆ )−Tcmb, (28)
with the intensity measured in the Rayleigh-Jeans part of the
spectrum, it can be replaced by brightness temperature in the
equation of transfer along the line of sight,
T vb (γˆ ) = Tcmbe
−τv +Ts(z, γˆ )(1− e−τv), (29)
Figure 7. kSZ temperature fluctuations in a 32×32 degree region of the full
sky map shown in Figure 6. The total is shown in the lower right panel, while
the others correspond to the individual terms in the integrand of equation
(32). The absolute value of the large scale velocity fluctuations (lower left)
correlate with regions of increased small scale power, most easily seen by
comparing hot and cold regions in the lower left (Doppler) panel to the same
regions in the top right (patchy) panel.
with the spin temperature replacing the source function. We
adopt the standard scenario for 21–cm in the epoch of reion-
ization, i.e. Ts  Tcmb and a large scale optical depth that is
small, τv 1. We ignore the effect of redshift–space distor-
tions, which would only boost the strength of the correlation
(Adshead & Furlanetto 2008). The final expression is (e.g.,
Alvarez et al. 2006)
δT vb (γˆ ) = T0(z)[1− xe(χγˆ )][1+δ (χγˆ )], (30)
where
T0(z) = 23 mK
(
Ωbh2
0.02
)[(
0.15
Ωmh2
)(
1+ z
10
)]1/2
. (31)
See Furlanetto et al. (2006) and references therein for addi-
tional details on the redshifted 21–cm background from reion-
ization.
3.3. Maps
Shown in Figure 7 is a 32×32 field of view from the full-
sk y kSZ maps obtained from the 8h−1 Gpc box. Four maps
are shown, the total signal and its separation into three com-
ponents, each according to its contribution to the integrand in
equation (3), which can be written
∆T (γˆ )
T
=
∫
(1+δ +δx+δδx) v · γˆ dτ. (32)
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Figure 8. Angular power spectra calculated from the maps shown in Figure
7, as labeled. The smooth red curve peaking at ` ∼ 20− 30 is the Doppler
component obtained with equation (4) and the approximation of equation (8),
where u(z) is determined from the mean ionization history in the simulation.
Shaded regions show 1 and 2–σ cosmic variance limits, assuming a χ2 dis-
tribution with mean C` and 2`+1 degrees of freedom.
The “Doppler” component is the first term ∝ v, while the “lin-
ear OV” and “patchy” are the second and third terms, ∝ vδ
and ∝ vδx, respectively. The Doppler case was obtained by
setting the density and ionization fraction fluctuations to zero
within the volume, δ = δx = 0. The linear OV and patchy
maps were obtained by subtracting maps with δ = 0 and
δx = 0 from the total, respectively. The fourth component
(not shown), vδδx, was obtained by subtracting the linear OV
component from the total.
The large angle fluctuations on scales of ∼ 5−10 degrees,
with fluctuation amplitudes reaching as large as 30µK, are
due nearly entirely to velocity fluctuations. This is seen
clearly by comparing the lower-left panel (“Doppler”) with
the lower-right panel (“total”). Even in the uniform case,
where density and ionization fluctuations are completely ne-
glected, the large-scale fluctuation pattern stays essentially the
same. Patchiness is certainly an important contribution to the
fluctuations, but only on small scales, where it is the dominant
source of kSZ fluctuations from reionization (e.g., compare
top-right panel of Figure 7 with δx = 0 to the lower-left panel
with δ = 0).
3.4. Deconstructing the kSZ Angular Power Spectrum
In what follows it will be useful to refer to the angular
power spectrum in terms of the sum of all possible correla-
tions of the individual components of the map. Since the kSZ
temperature is given by the optical-depth weighted integral
of four terms: v(1+ δ + δx+ δδx) (equation 32), the power
spectrum will be the sum of ten independent power spectra,
represented schematically as:
〈∆T ·∆T 〉`= 〈v·v〉`+ 〈vδ ·vδ 〉`+ 〈vδx·vδx〉`+2〈vδ ·vδx〉`
+2〈vδ ·vδδx〉`+2〈vδx·vδδx〉`+ 〈vδδx·vδδx〉`
+2〈v·vδ 〉`+2〈v·vδx〉`+2〈v·vδδx〉`. (33)
The first two terms are easily identifiable as the Doppler and
Ostriker-Vishniac effects, respectively. All of the terms were
obtained explicitly by cross-correlating the four maps de-
scribed in §3.3.
300 1000 3000
0.03
0.10
0.30
1.00
3.00
/(
)[
]
Total
Figure 9. left: Deconstruction of patchy components of the kSZ map. Total
in this figure corresponds to the angular power spectrum of the map with
‘non–patchy’ terms removed as in equation (35).
Shown in Figure 8 is the angular power spectrum of simu-
lated kSZ map over the full range of multipoles, 3∼<`∼<3000.
In order to focus on the properties of the patchy reionization
signal, we have removed the components of the power spec-
trum that depend solely on gas (as opposed to electron) mo-
mentum fluctuations, δv, as 〈δv·δv〉` and 〈v·δv〉`. In practice
this amounts to subtracting out the linear Ostriker-Vishniac
term,
`2Cov` ≡
1
2
∫ dχ
χ2
u2(z)Povq⊥(`/χ), (34)
where
Povq⊥(k)≡
∫ d3k ′
(2pi)3
P(|k− k ′|)P(k′) k(k−2k
′µ)(1−µ2)
k′2(k2+ k′2−2kk′µ)
and µ ≡ kˆ · kˆ ′. That is to say 〈v·vδ 〉` is entirely negligible
since v and δ are only calculated to linear order in the simu-
lation, and the non–trivial information content is contained in
the non–Gaussian δx component.
The most noticeable feature is the broad peak in the to-
tal angular power spectrum at ` ∼20− 30, corresponding to
the Doppler effect. The solid blue line, obtained by calcu-
lating the power spectrum from maps in which δ = δx = 0,
indicates that pure velocity correlations completely dominate
the power spectrum at ` ∼< 200. The dotted blue line ly-
ing nearly on top of the solid one is the solution for the
longitudinal term in the power spectrum from equation (4),
using the linearized mode–coupling term given in equation
(8). The only information used from the simulation in calcu-
lating the analytical power spectrum is the reionization his-
tory, x(z), which enters into equation (8) through u(z) =
σTne,0(1+ z)2D˙(z)/D(z)/(1+ z)x(z). This consistency be-
tween the analytical formula and ray–tracing result validates
the simulation pipeline and shows that density and ionization
fluctuations can be neglected for the kSZ power spectrum at
` ∼< 200, as expected. The agreement between the simulated
and analytical power spectrum at ` ∼< 200 does not depend on
whether the OV component (equation 34) is subtracted or not.
The situation becomes more interesting at ` ∼> 300, as can
be seen in Figure 9. For clarity, we have also subtracted out
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the Doppler term, so that solid black line labeled “Total” cor-
responds to
〈∆T ·∆T 〉`= 〈vδx·vδx〉`+2〈vδ ·vδx〉`
+2〈vδ ·vδδx〉`+2〈vδx·vδδx〉`+ 〈vδδx·vδδx〉`
+2〈v·vδx〉`+2〈v·vδδx〉`. (35)
Once again, the correlations in which one of the components
contains only the projected velocity, 〈v·vδx〉` and 〈v·vδδx〉`
are entirely negligible and are everywhere < 0.01 µK2, con-
sistent with numerical noise. Somewhat surprisingly, the
sixth–order term, 〈vδδx·vδδx〉` contributes at about the 5 per
cent level at `∼< 3000, while 〈vδ ·vδδx〉` is entirely negligible.
By far the dominant term is the patchy–patchy correlation,
〈vδx ·vδx〉`, accounting for about 65 per cent of the signal at
`∼ 3000. The OV–patchy term, 〈vδ ·vδx〉`, has a very similar
shape to the purely patchy one, but with an amplitude roughly
5 times smaller, perhaps indicating a noisy correlation of ion-
ization fraction with density that persists to small scales, al-
though more work will be necessary to fully understand the
patchy–OV term. Finally, 〈vδx ·vδδx〉`, while comparable in
amplitude to the pathcy–OV term at `∼ 3000 becomes nega-
tive at `∼<900, corresponding to a projected comoving radius
of ∼ 15−20 Mpc, quite close to the typical H II–region scale
at the mid–point of reionization (e.g., Alvarez & Abel 2012).
Also shown in Figure (9) is an approximation for 〈vδx·vδx〉`
which neglects the connected, or irreducible, fourth moment
of the correlation (see equation B.9 in the Appendix):
`2C〈xvxv〉` ≈
1
2
∫ dχ
χ2
u2(z)P〈xv〉〈xv〉q⊥ (k)(`/χ), (36)
where
P〈xv〉〈xv〉q⊥ (k)≡
∫ d3k ′
(2pi)3
(1−µ2)
[
P(k′)Pxx(|k− k ′|) (37)
− k
′2Pxδ (|k− k ′|)Pxδ (k′)
k2+ k′2−2kk′µ
]
. (38)
This term was obtained by tabulating Pxx and Pxδ from the
simulation for all redshifts such that 0.01< x(z)< 0.99 and
integrating over the same range of redshift, since there should
be no contribution to this term after reionization is complete.
The contribution of the connected fourth moment is given by
(Ma & Fry 2002; Park et al. 2015)
P〈xvxv〉cq⊥ =
∫ d3k ′
(2pi)3
∫ d3k ′′
(2pi)3
√
1−µ2
√
1−µ ′ (39)
× cos(φ
′−φ ′′)
k′k′′
Pxxδδ (k− k ′,−k− k ′′,k ′,k ′′).(40)
In order to contribute significantly, Pxxδδ would need to have
some dependence on φ ′ − φ ′′ at fixed µ ′ and µ ′′. Ma &
Fry (2002) pointed out that nonlinearities arising from non-
overlapping, static spherical density enhancements – i.e. the
halo model – exhibit no such dependence on φ ′− φ ′′, since
their internal structure has no explicit correlation with the ve-
locity field. Recently, Park et al. (2015) pointed out that this
is not generally the case, finding a contribution on the order
of tens of per cent lower redshifts, for the late–time kSZ ef-
fect, by using perturbation theory and N− body simulations.
It seems plausible that even larger departures, such as those
seen in Figure 9, could occur for such fluctuations induced
by patchy reionization, but more detailed analysis will be re-
quired before any definitive statements can be made.
4. CMB–21CM CROSS-CORRELATION
In this section we describe the large–scale CMB–21cm
cross-correlation, based upon full-sky kSZ and 21–cm maps.
We then give some preliminary estimates for its detectability
under ideal observing conditions in which instrumental noise
and foregrounds can be neglected and the observations are
carried out over the full sky. Such observations will be con-
sidered to be cosmic variance limited.
4.1. Cross-correlation Power Spectrum
An ideal observation of CMB temperature is the sum of
uncorrelated primary and kSZ fluctuations, ∆T = ∆Tp +∆Tk,
with spherical harmonic coefficients aT`m = a
pp
`m + a
kk
`m, for
which the temperature power spectrum will have a mean value
of CTT` =C
pp
` +C
kk
` and variance V
TT
` = 2
(
CTT`
)2
/(2`+1).
An ideal observation of 21-cm differential brightness tem-
perature at frequency v is δT vb , with coefficients a
v
`m and
power spectrum Cv`v – i.e. the 21–cm observation is assumed
to contain only the signal from HI, without any noise. The
observed cross-correlation will have a mean ofCTv` =C
kv
` and
a variance of
V Tv` =C
TT
` C
vv
` +(C
Tv
` )
2/(2`+1)≈CTT` Cvv` (2`+1). (41)
Defining the auto and cross correlation coefficients as(
rkk`
)2 ≡ (CkT` )2/ [Ckk` CTT` ] =Ckk` /CTT` (42)
and (
rkv`
)2 ≡ (Ckv` )2/ [CTT` Cvv` ], (43)
one obtains a signal to noise of(
S/N
)2
kk = ∑`
(
Ckk`
)2
/ V TT` =
1
2 ∑`
(
2`+1
)(
rkk`
)2 (44)
for the kSZ auto-correlation and(
S/N
)2
kv=∑`
(
Ckv`
)2 V Tv`
=∑`
(
2`+1
)(
rkv`
)2
/
[(
rkv`
)2
+1
]
(45)
for the kSZ–21cm cross-correlation.
Shown in Figure 10 are the power spectrum, correlation co-
efficient (equation 43) and cumulative signal to noise ratios
of the kSZ–21cm cross-correlation (equation 45). The two
maps show a significant correlation with the same shape as
the matter power spectrum, peaking at ` ∼ 100, as predicted
by Alvarez et al. (2006). The sign of the correlation can be
understood in terms of correlated linear velocity and density
fluctuations, with an ionized fraction that is strongly biased
with respect to the density and smoothly distributed on large
scales, hundreds of Mpc across. Although matter and Doppler
fluctuations are negatively correlated during reionization (see,
e.g., Figure 2), overdense regions contain less neutral hydro-
gen than underdense regions during reionization because of
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Figure 10. Angular power spectrum and signal–to–noise estimates for the
CMB–21cm cross-correlation. top: Cross-correlation power spectrum of the
kSZ and 21–cm map. Points show the individual multipole values while the
solid line is a binned representation. The signal exhibits a strong positive
peak corresponding to the peak of the matter power spectrum at 0.01Mpc−1
at a distance of approximately 10 Gpc, `∼ 0.01 Mpc−1 104 Gpc = 100, as
expected in typical reionization scenarios where highly–biased rare sources
drive the growth of H II regions. middle: Integrated signal to noise ratio esti-
mate, using equation (45; black line) compared to the results from the Monte
Carlo calculations explained in §. The red dashed line indicates the medium
value for the power summed to that multipole, divided by the variance, while
the shaded regions show the one and two–σ ranges for the Monte Carlo re-
sults. bottom: signal–to–noise of individual `–modes in the kSZ–21cm cross-
correlation, estimated using equation (43).
the bias of ionizing sources, and the overall effect leads to a
positive correlation (Alvarez et al. 2006). We have verified
that the cross-correlation in the case where ionization fraction
fluctuations are ignored, δx = 0, is negative, since the 21–cm
map traces in that case traces the matter density (see, e.g.,
discussion in §2.3).
4.2. Dependence on Redshift
In order to explore the signal-to-noise for a given spectral
resolution, a Monte Carlo procedure was adopted. For each
trial i of N, a random realization of the primary CMB tem-
perature fluctuations, ∆Tp,i(γˆ ), was created. The simulated
21–cm and kSZ maps, δT vb (γˆ ) and ∆TkSZ(γˆ ), were held fixed
since the sample variance of the primary CMB fluctuations are
independent of the 21–cm signal and dominate the noisiness
of the measured cross-correlation. The observed correlation
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Figure 11. The integrated power up to `= 500, σ2500, for 21–cm maps binned
in frequency with a bandwidth of ∆v= 20 MHz.
for each trial is given by
(2`+1)CTv`,i =
`
∑
m=−`
aT`ma
v∗
`m,i, (46)
where
av`m =
∫
dγˆY`m(γˆ )∆T21(γˆ ) (47)
and
aT`m,i =
∫
dγˆY`m(γˆ )[∆T
p
i (γˆ )+∆T
kSZ(γˆ )]. (48)
If ∆TkSZ and ∆T21 are both Gaussian, then it is in princi-
ple possible to calculate analytically the distribution of CTv` .
However, generating a sufficient number of maps (N ∼ 104)
valid for ` ∼< 500, where the correlation is significant, is not
a computationally intensive task and includes non-trivial ef-
fects of non-Gaussianity due to patchiness in the ionization
field and its nonlinear relationship with the underlying Gaus-
sian density fluctuations.
Because the the dependence on frequency, v (or, equiva-
lently, redshift, z) of the correlation, as opposed to it’s depen-
dence on multipole, `, contains the information that is most
difficult to ascertain otherwise, namely the shape of the reion-
ization history, it makes sense to integrate over the multipoles
of the correlation at fixed v. For the frequency binning, one
should use as large bins as possible, since that will decrease
the instrumental noise (which is neglect in this analysis) and
increase the signal in the correlation. Too large a bin, how-
ever, and information about its redshift-dependence will be
lost in the averaging process.
Figure 11 shows the redshift dependence of the integrated
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power of the cross-correlation in frequency bin i,
PTv(vi) = ∑`
vi+∆v/2∫
vi−∆v/2
w`(v)CTv` (v)dv, (49)
where the weight function, w`(v) is normalized to unity. It
can be chosen so as to optimize the overall signal to noise of
the cross-correlation (e.g., Peiris & Spergel 2000). Because
the signal depends on a relatively undetermined reionization
history, however, it is in practice not possible to know before-
hand which weighting function to use, and so w`(vi) = 1/∆v
is used, with ∆v the same for all frequency bins.
5. SUMMARY
The angular power spectrum for the kSZ effect due to reion-
ization was calculated on all scales ` ∼<3000, using analytical
models and numerical simulations of patchy reionization. The
angular power spectrum generally exhibits two main features,
a broad peak at `∼20−30 with an amplitude ∼10−30µK2,
and a small-scale plateau at ` ∼> 300, with an amplitude of
∼ 1− 5µK2. The low–` peak is caused by the so-called
“Doppler-effect”, arising from longitudinal modes in the ve-
locity field v‖ = (v · kˆ), while the broad plateau at higher mul-
tipoles is a superposition of transverse momentum correla-
tions seeded by patchy ionization and density fluctuations, xv
and δv, respectively.
These results are in good agreement with previous analyses
from small scale simulations of patchy reionization, `∼> 1000,
with a roughly constant amplitude of order a few µK2 (San-
tos et al. 2003; Zahn et al. 2005; McQuinn et al. 2005; Iliev
et al. 2007; Trac et al. 2011; Mesinger et al. 2012; Battaglia
et al. 2013; Park et al. 2013). For reionization driven by UV
sources located in relatively rare dark matter halos – the sce-
nario favoured by existing data – the patchiness of reioniza-
tion is ‘seeded’ by large scale velocity modes, and the amount
of small scale power is dependent mainly on the duration and
redshift of reionization, such that more extended reionization
histories lead to larger fluctuations at `∼ 3000 at fixed τ .
On large scales, ` ∼< 300, where the Doppler effect is the
dominant source of kSZ fluctuations, the situation is reversed
– shorter reionization histories lead to larger fluctuations at
fixed τ . Unlike the small-scale fluctuations that are created
by inhomogeneities in the electron density that quickly lose
coherence and accumulate along the line of sight, the large-
scale velocities are coherent on large-scales, such that longer
reionization histories lead to more cancelation, instead.
At intermediate scales, 300 ∼< ` ∼< 1000 the signal exhibits
features that could in principle provide additional constraints
on reionization from CMB data alone. For example, it has
been recently suggested that one can distinguish between pri-
mary and secondary temperature fluctuations by subtracting
the theoretical power spectrum for primary fluctuations from
the actual observed temperature fluctuations, using indepen-
dent cosmological parameter constraints obtained from polar-
ization measurements – what’s left would be the kSZ power
spectrum (Calabrese et al. 2014). The analysis presented here
indicates that such an approach would be quite sensitive to the
duration of reionization, since the low– and high–` peak and
plataeu, respectively, have opposite dependences on ∆z.
We performed a novel, map–based separation of the patchy
kSZ anisotropies on scales 300 ∼< ` ∼< 3000, finding several
new results. First, the fluctuations from the patchy component
at are dominated by correlations of the form 〈vδx·vδx〉`, which
comprise 60 to 70 per cent of the total power over the full
range. Surprisingly, the six-point correlation, 〈vδδx ·vδδx〉`
contributes as much as 5 per cent at small scales, even for the
linear density fluctuations we assumed. The term 〈vδx·vδδx〉`
exhibits an interesting feature at ` ∼ 900, where it changes
sign. This scale is quite close to the typical radius of H II re-
gions at the half-ionized epoch, 15−−30 comoving Mpc. Fi-
nally, by comparing the leading order patchy term, 〈vδx·vδx〉`,
to the prediction based on the unconnected part of the four–
point function, we find tentative evidence for a negative con-
tribution from the connected part at ` ∼< 2000 and a positive
contribution at ` ∼> 2000. More detailed analysis is required,
however, to test this hypothesis and the dependence on the
sources and sinks of reionization.
Going beyond CMB observations alone, the kSZ effect can
provide constraints on reionization via cross-correlation with
tracers of the large scale density field, particularly the red-
shifted 21–cm background. At very high redshifts, it’s possi-
ble that rare, quickly growing H II regions centered on density
peaks could have created large features in the CMB. More
work will be required to see just how likely the types of
H II reigon abundances, sizes, growth rates, and biases that
are required are to actually occur. At lower redshifts, we
confirm with three-dimensional simulations, the prediction of
Alvarez et al. (2006) that the cross–correlation between the
CMB blackbody tempereature and redshifted 21–cm inten-
sity from redshifts z ∼ 10 exhibits a broad positive peak at
` ∼ 100, and that the 21–cm frequency dependence of the
correlation traces the reionization history with a resolution of
∆z ∼ 1. Such a correlation is attractive as well because the
21–cm signal naturally contains redshift information, and the
systematics of the GHz and MHz band observations are likely
to be of quite different origins and therefore uncorrelated. The
difficulty lies however in the ‘noise’ contributed by the much
larger primary CMB fluctuations that are peaking at the same
multipoles. Indeed, assuming that correlated foregrounds can
be cleaned and a sufficiently sensitive instrument can observe
over half of the sky, the cross-correlation can be detected at 5–
10 σ significance, for reionization occuring at z ∼ 10 in our
fiducial scenario. This raises the prospect of using more pre-
cise large scale structure tracers of the velocity, such as large
H II regions and tidal reconstructions, as a new window into
the reionization epoch with CMB temperature measurements.
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APPENDIX
The kSZ angular auto and cross power spectra are derived first for the case where the electron density is spatially homogeneous,
where only the longitudinal component of the specific electron momentum contributes, in Appendix A. Appendix B contains
a derivation of the angular power spectrum for the transverse component, relevant to the patchy signal, up to leading order in
density and ionization fluctuations.
The specific momentum, q= (1+δe)v can be written, to leading order in δ and δx, as
q= v(1+δ +δx) (A.1)
which, when Fourier transformed, is
q(k) = v(k)+
∫ d3k ′
(2pi3)
[
δ (k− k ′)+δx(k− k ′)
]
v(k ′). (A.2)
The momentum is further decomposed into longitudinal and transverse components using q⊥ = q− (q · kˆ)kˆ,
q⊥(k)=
∫ d3k ′
(2pi)3
[
δ (k− k ′)+δx(k− k ′)
]
v(k ′)
[
kˆ
′−µ ′kˆ
]
(A.3)
and
q‖(k)=v(k)+
∫ d3k ′
(2pi)3
[
δ (k− k ′)+δx(k− k ′)
]
v(k ′)µ ′kˆ (A.4)
where µ ′ ≡ kˆ ′ · kˆ and v(k) = v(k)kˆ holds on all scales of interest.
A. LONGITUDINAL MOMENTUM FLUCTUATIONS
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The leading order contribution to the fluctuations arising from q‖ depend only on the linear velocity, v = |v|kˆ. This greatly
simplifies calculation of the momentum fluctuations that contribute to the Doppler component. On large scales, however, the
Limber approximation breaks down and the full integral over pairs of lines of sight must be retained.
Fluctuations on the sky of the kSZ temperature can be expressed in terms of spherical harmonics C` = 〈a`ma∗`m〉, where a`m =∫
dγˆ Y`m(γˆ )∆T (γˆ )/T . The kSZ temperature fluctuation can be written in terms of the Fourier transform of the momentum,
∆T (γˆ ) =
∫
dχ g(z)q · γˆ =
∫
dχ g(z)
∫ d3k
(2pi)3
e−ik·χγˆ
(
q⊥ · γˆ +q‖γˆ · kˆ
)
≡ ∆T⊥(γˆ )+∆T‖(γˆ ), (A.5)
from which it follows that C` = 〈a⊥`ma⊥∗`m 〉+ 〈a‖`ma‖∗`m〉 ≡C⊥` +C‖` . The parallel component is given by:
∆T‖
T
=
∫
dχg(z)
∫ d3k
(2pi)3
q‖(k)γˆ · kˆe−ik·χγˆ =
∫ d3k
(2pi)3
1
k
∫
q‖(k)g(z)
∂e−ik·χγˆ
∂χ
dχ. (A.6)
Integrating by parts4, one obtains
∆T‖
T
=−
∫ d3k
(2pi)3
1
k
∫
dχe−ik·χγˆ f‖(k),
where f‖(k)≡ ∂
[
q‖(k)g(z)
]
/∂χ , Using one of Rayleigh’s identities,
∆T‖
T
=−4pi ∑`
m
ilY`m(γˆ )
∫ d3k
(2pi)3
Y ∗`m(kˆ)
k
∫
dχ f‖(k) jl(kχ)
and the spherical harmonic coefficients are therefore
a‖`m = 4pi(−i)`
∫
dχ
∫ d3k
(2pi)3
f‖(k)
k
jl(kχ)Y ∗`m(kˆ). (A.7)
The angular power spectrum of fluctuations due to the longitudinal component as
C‖` = 〈a‖`ma‖∗`m〉= (4pi)2
∫ d3k
(2pi)3
∫ d3k
(2pi)3
〈 f‖(k) f ∗‖ (k)〉
k2
=
2
pi
[∫
dχ
∫
dχ ′
∫
dk Pf‖(k,χ,χ
′) j`(kχ) j`(kχ ′)
]
, (A.8)
where (2pi)3Pf‖(k,χ,χ
′)δ (k− k ′) = 〈 f‖(k,χ) f‖(k ′,χ ′)∗〉. This is the C‖` term in equation (4) and the main result of this section.
The Limber approximation can be obtained by using the relationship `2
∫
P(k) j`(kχ) j`(kχ ′)dk≈ piδ (χ−χ ′)P(`/χ,χ)/2, which
implies
`2C‖` =
∫
dχPf‖(k = `/χ,z). (A.9)
This is only a good approximation when ` H(z)χ(z)/δ z, where δ z= f‖/(∂ f‖/dz).
B. TRANSVERSE MOMENTUM FLUCTUATIONS
The Limber approximation is generally valid at multipoles where the transverse momentum fluctuations contribute to kSZ fluc-
tuations. Because the velocity field is longitudinal, however, the momentum fluctuations are second order, and depend on the
density and ionization fluctuations and their cross-correlations with each other and the velocity.
The angular power spectrum of the transverse component is given accurately by Limber’s approximation (e.g., Park et al. 2013),
C⊥` =
1
2
∫ dχ
χ2
g2(z)Pq⊥(k = `/χ,z),
where (2pi)3Pq⊥(k,z)δ
D(k− k ′) = 〈q⊥(k)q⊥(k ′)∗〉. Analytical expressions have been derived previously for the q⊥ terms in the
angular power spectrum (e.g., Ma & Fry 2002; Santos et al. 2003; Park et al. 2013). Ma & Fry (2002) derived an expression for
the power spectrum of q⊥(k) in linear theory (their equation 7), but neglecting patchiness (i.e. δx = 0 in equation A.4). In what
follows we derive the expression for the power spectrum with patchy terms included.
4 The boundary terms, evaluated at the lower and upper bounds of the line
of sight integral, are omitted, since they generally negligible along the full
line of sight. This is not necessarily the case when dealing with simulated
maps that only include a range of redshifts. In that case, it can be important
to take into account “surface fluctuations” at the boundaries of the projected
region along the line of sight.
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The power spectrum can be obtained from equation (A.2 – see also McQuinn et al. 2005; Hu 2000)
〈q⊥(k)q⊥(k)∗〉=
∫ d3k ′
(2pi)3
∫ d3k ′′
(2pi)3
〈[
δ (k ′0)+δx(k
′
0)
]
v(k ′)
[
δ ∗(k ′′0)+δ
∗
x (k
′′
0)
]
v∗(k ′′)(kˆ
′−µ ′kˆ) · (kˆ ′′−µ ′′kˆ)
〉
, (B.1)
where k ′0 ≡ k− k ′ and k ′′0 ≡ k− k ′′. In general, a four-point function can be written
〈ABCD〉= 〈AB〉〈CD〉+ 〈AC〉〈BD〉+ 〈AD〉〈BC〉+ 〈ABCD〉c, (B.2)
where 〈ABCD〉c is the irreducible or connected fourth moment. It has been pointed out that the connected term is generally
sub-dominant with respect to the others at late times, due to sphericalization of density perturbations in the nonlinear regime
(Ma & Fry 2002), with a contribution on the order of ten percent (Park et al. 2015). Isotropy implies that terms containing
factors with the form 〈 f (k−k ′)g(k ′)∗〉 are only non-zero for k = 0, so only terms containing combinations of factors of the form
〈 f (k− k ′)g(k− k ′′)∗〉, 〈 f (k ′)g(k ′′)∗〉, 〈 f (k ′)g(k− k ′′)∗〉, and 〈 f (k ′′)g(k− k ′)∗〉 remain. The resulting expression is
Pq⊥(k)=
1
(2pi)2
∫
k′2dk′
∫
dµ(1−µ2){Pvv(k′)[Pδδ (|k− k ′|)+Pxx(|k− k ′|)+2Pxδ (|k− k ′|)] − (B.3)
k′
|k− k ′|
[
Pδv(|k− k ′|)Pvδ (k′)+Pδv(|k− k ′|)Pxv(k′)+Pxv(|k− k ′|)Pδv(k′)+Pxv(|k− k ′|)Pxv(k′)
]}
, (B.4)
where |k − k ′| = (k2 + k′2 − 2kk′µ)1/2. The velocity obtained from linear perturbation theory is an excellent approximation
and gives Pδv(k) = α(z)Pδδ (k)/k, Pvv(k) = α2(z)Pδδ (k)/k2, and Pxv(k) = α(z)Pxδ (k), where α(z) ≡ D˙(z)/D(z)/(1+ z). The
expression is further simplified to
Pq⊥(k)=
α2
(2pi)2
∫
dk′
∫
dµ(1−µ2)
{
Pδδ (k
′)
[
Pδδ (|k− k ′|)+Pxx(|k− k ′|)+2Pxδ (|k− k ′|)
] − (B.5)
k′2
|k− k ′|2
[
Pδδ (|k− k ′|)Pδδ (k′)+Pδδ (|k− k ′|)Pxδ (k′)+Pxδ (|k− k ′|)Pδδ (k′)+Pxδ (|k− k ′|)Pxδ (k′)
]}
. (B.6)
Finally, we group the terms by their dependence on density and ionization fluctuations,
Pq⊥(k) =
α2
(2pi)2
∫
dk′
∫
dµ(1−µ2)
[
Iδδq⊥ (k,k
′,µ)+ Ixxq⊥(k,k
′,µ)+ Ixδq⊥(k,k
′,µ)
]
, (B.7)
where
Iδδq⊥ (k,k
′,µ)≡Pδδ (k′)Pδδ (|k− k ′|)
k(k−2k′µ)
k2+ k′2−2kk′µ (B.8)
depends only on matter fluctuations (〈vδvδ 〉),
Ixxq⊥(k,k
′,µ)≡Pδδ (k′)Pxx(|k− k ′|)−
k′2Pxδ (|k− k ′|)Pxδ (k′)
k2+ k′2−2kk′µ (B.9)
depends only on patchiness (〈vδxvδx〉), and
Ixδq⊥(k,k
′,µ)≡2Pδδ (k′)Pxδ (|k− k ′|)−
k′2
[
Pδδ (|k− k ′|)Pxδ (k′)+Pxδ (|k− k ′|)Pδδ (k′)
]
k2+ k′2−2kk′µ (B.10)
depends on the cross terms (〈vδvδx). When the ionization field is assumed to be uniform, i.e. x = 〈x〉 =⇒ Pxδ = Pxx = 0, the
only term remaining is Iδδq⊥ , corresponding to the “linear Ostriker-Vishniac effect”, i.e. 〈(δv)(δv)′〉.
C. LARGE–SCALE CROSS–CORRELATION WITH LINEARLY BIASED TRACERS
Consider a projected map of some biased tracer of large–scale structure,
f (γˆ )=
∫
dχw(z)
[
b(z)δ (χγˆ )− 1
aH
∂
∂χ
v · γˆ
]
, (C.1)
where b(z) is the linear bias and w(z) is a redshift weighting that encodes the properties of the particular survey. The second
factor in the integral accounts for the redshift space distortion from linear velocity fluctuations at first order in the density
fluctuation (Kaiser 1987). We derive in what follows an expression for the angular power spectrum of the cross-correlation with
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the longitudinal (i.e. Doppler) component of the kSZ signal, ∆T‖(γˆ )/T , as defined in equation (A.6). The cross–correlation in this
limit is given by C f T` = 〈a f`ma‖∗`m〉. Fourier transforming δ and v in equation (C.1), and using v(k) = −ikδ (k)D˙(z)/[D(z)k2(1+
z)] =−i f aHδ (k)k/k2, where f =d lnD/d lna, we obtain
f (γˆ )=
∫
dχw(z)
∫ d3k
(2pi)3
δ (k)
[
b(z)e−iχk·γˆ +
i f k · γˆ
k2
∂
∂χ
e−iχk·γˆ
]
=
∫
dχw(z)
∫ d3k
(2pi)3
δ (k)
[
b(z)e−iχk·γˆ − f
k2
∂ 2
∂χ2
e−iχk·γˆ
]
=−4pi ∑`
m
ilY`m(γˆ )
∫
dχw(z)
∫ d3k
(2pi)3
Y ∗`m(kˆ)δ (k)
[
b(z) jl(kχ)− fk2
∂ 2 jl(kχ)
∂χ2
]
. (C.2)
The spherical harmonic coefficients are obtained in the same way as in equation (A.7),
a f`m = 4pi(−i)`
∫
dχw(z)
∫ d3k
(2pi)3
δ (k)
[
b(z) jl(kχ)− fk2
∂ 2 jl(kχ)
∂χ2
]
Y ∗`m(kˆ). (C.3)
The cross-correlation is obtained by using equation (C.3) and the first order expression f‖(k)→ ∂ [g(z)v(k)]/∂χ in equation
(A.7):
C f T` = 〈a f`ma‖∗`m〉=
2
pi
∫
dχw(z)
∫
dχ ′
∂u
∂χ ′
∫
dk P(k)
[
b(z) j`(kχ)− fk2
∂ 2 jl(kχ)
∂χ2
]
j`(kχ ′). (C.4)
